We describe the gravity duals of four-dimensional N = 1 superconformal field theories obtained by wrapping M 5-branes on a punctured Riemann surface. The internal geometry, normal to the AdS 5 factor, generically preserves two U (1)s, with generators (J + , J − ), that are fibered over the Riemann surface. The metric is governed by a single potential that satisfies a version of the Monge-Ampère equation. The spectrum of N = 1 punctures is given by the set of supersymmetric sources of the potential that are localized on the Riemann surface and lead to regular metrics near a puncture. We use this system to study a class of punctures where the geometry near the sources corresponds to M-theory description of D6-branes. These carry a natural (p, q) label associated to the circle dual to the killing vector pJ + + qJ − which shrinks near the source. In the generic case the world volume of the D6-branes is AdS 5 × S 2 and they locally preserve N = 2 supersymmetry. When p = −q, the shrinking circle is dual to a flavor U (1). The metric in this case is nondegenerate only when there are co-dimension one sources, M 9-branes, obtained by smearing M 5-branes that wrap the AdS 5 factor and the circle dual the superconformal R-symmetry. In the IIA limit, they can interpreted as D8-branes. The D6-branes are extended along the AdS 5 and on cups that end on the co-dimension one branes. In the special case when the shrinking circle is dual to the R-symmetry, the D6-branes are extended along the AdS 5 and wrap an auxiliary Riemann surface with an arbitrary genus. When the Riemann surface is compact with constant curvature, the system is governed by a Monge-Ampère equation.
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Introduction
M 5-branes in M-theory have served as a powerful tool for studying and classifying fourdimensional field theories. In the past, they were used to study the strong coupling regime and IR phases of gauge theories constructed from type IIA branes [1] [2] [3] [4] . In recent times, by studying the IR dynamics of N M 5-branes wrapped on a punctured Riemann surface, the authors of [5, 6] have provided a classification for N = 2 superconformal field theories (SCFTs); these have been dubbed theories of class S. The typical and generic theory in this classification is strongly coupled and admits no known Lagrangian. Nevertheless, many of its properties can be inferred from the M 5-brane realization (see the review [7] and references therein). One of the strongest evidence for the existence of the N = 2 theories of class S is the explicit construction of their gravity duals at large N by Gaiotto and Maldacena (GM) in [8] by using the N = 2 Lin, Lunin and Maldacena (LLM) AdS 5 systems in M-theory [9] . The primary interest of this paper is to find a way to systematically describe the N = 1 SCFTs that arise in the low-energy limit of M 5-branes wrapped on a punctured Riemann surface in AdS/CFT [10] . This work will have generalized the N = 2 GM systems to N = 1. This question has been studied in the context of supersymmetric fields theories in the literature (see [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] for various approaches and results).
When M 5-branes are wrapped on a Riemann surface, the possible configurations can be labelled by the different ways the surface can be embedded in a non-compact Calabi-Yau threefold (CY3). In particular when the CY3 is a sum of two line bundles over the surface, the resulting theories can be labelled by the degree of the line bundles (p, q). In the special case when the Riemann surface is compact and has no boundaries, there is a two-parameter family of SCFTs in the low-energy limit of the M 5-branes. These field theories and their gravity duals (B 3 W solutions) are described in [12, 26] . When p or q vanishes, the theories preserve N = 2 supersymmetry and its gravity dual is describe by the N = 2 Maldacena Núñez (MN) solution [27] .
The richness and the wealth of the N = 2 class S theories come from cases when the Riemann surface has punctures. At these points, boundary conditions are needed for the M 5-branes; this has the effect of adding global symmetries to the SCFTs. The addition of the punctures also leads to surfaces with large moduli spaces; in field theory this maps to large conformal manifolds and geometrization of various dualities. In AdS/CFT these punctures manifest themselves as sources on the Riemann surface in the N = 2 MN solutions. The gravity duals of the class S theories are obtained by backreacting these sources. In order to describe them, one needs to first determine the possible choices of sources that preserve the N = 2 symmetry and lead to regular metrics. The backreacted solution is a domain wall that interpolates between a geometry that describes the source and the N = 2 MN solution. GM succeed in this by using the LLM geometry which is governed by an SU (∞) Toda equation.
In order to describe the gravity duals of M 5-branes on punctured Riemann surface, we need to first find the "N = 1 version of LLM". Such system must have an AdS 5 factor and the internal manifold must contain a U (1) 2 bundle over a two-dimensional space to mirror the basic features of the CY3 in the far UV. From such structure, we need to find the possible sources on the two-dimensional space that minimally preserve N = 1 supersymmetry. We need to then determine the domain wall solutions that interpolate between the sources and B 3 W solutions. In this paper we address the first step and describe the N = 1 system that governs the gravity duals of M 5-branes on an arbitrary Riemann surface. We also discuss how to classify the allowed sources 1 and analyse the simplest ones which generalize the N = 2 punctures of GM. We do not, however, describe the solutions that interpolate between the sources and B 3 W solutions. This last step may require numerical analysis and we leave it for publications.
The structure of the paper is as follows. In section 2 we describe the general properties of the field theories from M 5-branes wrapped on Riemann surfaces. In section 3 we present the general gravity duals of the field theories and consider various limits related to the LLM system, these are used to describe various punctures. In section 4 we analyse the general system in cases where the Riemann surface has constant curvature. In section 5 we show how to describe punctures, and in section 6 we study a class of them that generalize the GM punctures. Sections 5 and 6 can be read independently from section 4. We end with a summary and outlook in section 7.
Generalities of M 5-branes on Riemann surface
In this section we review some general properties of four dimensional N = 1 superconformal field theories obtained by compactifying a stack of N M 5-branes on a Riemann surface with genus g and n punctures. The surface is given by a complex co-dimension two curve, C g,n , of a non-compact Calabi-Yau threefold, CY 3 . Equivalent, we can view the four dimensional field theory as the low-energy limit of the six dimensional A N −1 (2, 0) field theory on C g,n .
Twist and symmetries
Supersymmetry is generically broken when supersymmetric field theories are taken over curved manifolds. For the case of interest, we can preserve some supersymmetry by a partial topological twist [29, 30] . We look for a constant spinor by turning on a background gauge field valued in the R-symmetry of the field theory and tune it to cancel the background curvature. In other words we pick a gauge field, A, to solve the killing spinor equation
where ω ab µ is the spin connection of the manifold and ε is the desired spinor. The possible choices of twists we can perform is determined by the holonomy group acting on the spinor, where ω ab µ Γ ab takes value, and the different ways we can embed it in the R-symmetry. For the case of interest, we have a two dimensional curved manifold and therefore a U h (1) holonomy. The (2, 0) theory has an SO(5) R-symmetry; we thus consider its abelian subgroup
and identify the holonomy group with a linear combination as
3)
The topological twist fixes the combination of the parameters 2 as
This is the condition that the flux of the background gauge field must cancel the curvature of the Riemann surface which is given by its Euler characteristic χ = 2(1−g)−n. The twist generically preserves four supercharges in four dimensions and therefore leads to N = 1 field theories. The bosonic symmetries of the six dimensional theory is broken down as
The generators of the U ± (1) are denoted as J ± . The field theory admits an R-symmetry, R 0 , and a flavor symmetry, F, defined as
When the four dimensional field theory is superconformal, we can write the superconformal R-symmetry, R N =1 , as
The parameter is fixed by a-maximization [31] .
Systems with enhanced Symmetry
In the special case when p = q = 0 the Riemann surface is a torus. In this case, the four dimensional theory is nothing but N = 4 Super Yang-Mills (SYM) theory with SU (N ) gauge group. This compactification provides a natural origin of the S-duality in N = 4 SYM as the modular group of the torus. The gauge coupling is given by the modular parameter of the torus. N = 2 When p or q vanish, the four dimensional theory preserves eight super charges. These theories have been studied in [1, 5, 6] . When p = 0 (q = 0) the U + (1) (U − (1)) is enhanced to SU + (2) (SU − (2)). The SU (2) × U (1) R-symmetry of the N = 2 theory in the two cases can be identified as
When the N = 2 theory is described in N = 1 language, we need to identify an N = 1 slice of the N = 2 superconformal algebra. The R-symmetry on the slice can be written as
where R N =2 an I 3 are respectively the generators the U (1) and the cartan U (1) of the SU (2) in the N = 2 R-symmetry. This allows us to identify for the N = 2 theories:
In the special case when p = q , U h (1) is identified with U + (1) + U − (1). This twist preserves the diagonal SU F (2) of SU + (2) × SU − (2). For these cases, The flavor symmetry F is enhanced to SU F (2). This class of theories with n = 0 were studied in [14] .
Gravity duals
In this section, we describe the gravity duals of the class of superconformal field theories that describe the low energy dynamics of M 5-branes on a Riemann surface. First we argue for the general ansatz for such system and then describe the metric. In appendix B we provide a derivation of the metric following from [32] .
Ansatz
In M-theory, we decompose the spacetime as
The stack of N M 5-branes is extend along R 1,3 and along a curve C g,n in CY 3 . In general, the CY 3 , near the brane region, is a U (2) bundle over C g,n whose determinant line bundle is fixed to the canonical bundle of the surface. In this paper we restrict to the case where the structure group of the bundle is U (1) 2 ( See section 2 of [12] for more details). In this case the CY 3 is a sum of two line bundles over the curve with degrees p and q respectively. The local geometry is
The vanishing of the first chern class of the CY 3 implies (2.4). The symmetries U + (1)×U − (1) are the phases of the two line bundles.
Our primary interest is to understand when these configurations of M 5-branes flow to superconformal field theories in the IR. In the large N limit, this question can be studied in AdS/CFT by classifying the set of AdS 5 solutions that can exist in the near horizon limit of geometries with these brane sources. The problem of obtaining the fully backreacked solution in M-theory is hard. Since we are only interested in cases when the near horizon geometry contain AdS 5 factors, we look for those solutions directly. The ansatz for the eleven dimensional geometry is then a warped product of AdS 5 and a six-dimensional compact space, M 6 . The main challenge is to then classify all M 6 that are of the form
where Σ g,n is IR limit of the curve C g,n . The four manifold, M 4 , admits at least a U (1) 2 isometry group corresponding to the phases of the line bundles, U + (1) × U − (1). The circles dual to the generators of U + (1) × U − (1) are non-trivially fibered over the Riemann surface, Σ g,n . The eleven dimensional metric must be of the form
where S 1 ± are the circles dual to U ± (1). The last two directions with coordinates t ± do not, generically, correspond to any isometries. The AdS 5 radius and the two interval directions t ± are combinations of the line, R in 3.1, and the radii of the fibers in the line bundles. In general the metric on M 6 will depend on the coordinates on the Riemann surface and on t ± , therefore one expects a system of equations with four variables when we reduce the supergravity equations. While this is true, we will find the system to be tractable.
The metric for the most general supersymmetric AdS 5 solution in M-theory [33] has the form
The warp factor, H, and the metric depends on y and on the coordinates on ds 2 4 ; at fixed y the four-dimensional space is Kähler. The supergravity equations for the system can be written in terms of the Kähler and holomorphic two-forms on ds 2 4 . The ψ direction parametrizes a circle fibered over the Kähler space; its connection, ρ, is completely fixed by the base four manifold. The U (1) generated by ∂ ψ is dual to the superconformal Rsymmetry.
For the problem of interest, we make the ansatz
The x i coordinates parametrize the Riemann surface directions. In addition to the Rsymmetry circle ψ, we also demand a circle on the base manifold in order to obtain the desired U (1) 2 isometry. The one forms V I/R have legs on the Riemann surface. All metric functions depend on x i , z and y. The reduction of the BPS equations on the ansatz is worked out in [32] . In appendix B we summarize the results. We can identify the isometry ∂ φ with the flavor symmetry in the dual theory. From this we obtain
where
By using this identification, we can make field redefinitions and coordinate transformations on the system in [32] to obtain a more useful description of the gravity duals to the class of SCFTs describe in section 2.1. The reduction of the system in [32] is described in appendix B.
Gravity dual to class S SCFTs
The gravity dual to N = 1 class S theories can be written as
with
and
The metric along the circles, h ij , is obtained from the relation h ij h jk = δ i k . The one-forms dual to the isometry generators ∂ ∂φ ± are given as
where the * and d are taken along the (x 1 , x 2 ) directions. Our convention for the hodge star is * dx 1 = −dx 2 and * dx 2 = dx 1 . The length scale of the system is the AdS radius L, and it appears as an overall factor, it is fixed as L = 1 for the rest of the discussion. The four-form flux is completely determined in terms of the metric functions [33] ; solving for D 0 will also determine the flux. In this paper, we focus on solutions and will not need the flux; it will be necessary for central charge computations.
The system is governed by a single function D 0 that satisfies a variation to the MongeAmpère equation 3
Our central goal is to understand the solution space of this equation that lead to regular metric.
S-duality
The system is invariant under the transformation
where A is given as
The elements in the columns must add up to one in order to preserve the exponential exp ((∂ + + ∂ − )D 0 ) in the conformal factor e 2A . In order to preserve the s function, a ± transform as
This transformation preserves the condition a + + a − = 1. However the parameter transforms as
In the field theory side, this transformation corresponds to rotating the generators (J + , J − ) while preserving the overall combination J + +J − . This invariance in the metric corresponds to an ambiguity on the definition of J ± . The only physical input is the topological twist which fixes an overall U (1) in the SO(5) R-symmetry of the six-dimensional (2, 0) SCFT.
N = 2 Limit and LLM
The system above must reduce to Lin Lunin and Maldacena system (LLM) [9] in order to describe the N = 2 theories. In the discussion of enhanced supersymmetry in section 2.1, the N = 2 limit corresponds to trivializing one of the line bundles. In Gravity, this corresponds to turning off the connection for one of the circles over the Riemann surface. We pick the φ + circle. One also needs to turn off the off-diagonal metric component between the circles. In the N = 2 limit we impose
These conditions imply that D 0 is of the form
After plugging into the Monge-Ampère equation (3.13) , the only solution with a nondegenerate metric satisfies
The condition that a + = . This is consistent with the expected value of in (2.11) when the line bundle L p is trivial. When we turn off the connection for φ − instead, we find = − 1 3 which is consistent with (2.12). To write the LLM metric, we make the transformation
to obtain
(3.22)
The coordinates (θ, φ + ) combine to a round two-sphere, dΩ 2 2 . The U + (1) symmetry, dual to ∂ φ + , is enhanced to SU + (2).
The warp factor is given as
The system is governed by the SU (∞) Toda equation,
This system is LLM as described in GM in [8] .
Constant curvature Riemann surface
In this section, we reduce the system for cases when the surface has constant curvature. The two-dimensional metric is govern by the Liouville equation and we write it as
The parameter κ is the curvature of the surface and takes value in {−1, 0, 1} corresponding to H 2 , T 2 and S 2 respectively. A genus, g, Riemann surface is obtained by replacing
where Γ is a Fuchsian subgroup of P SL(2, R), the isometry group of the hyperbolic plane. In this section, we will restrict to cases when κ 2 = 1; the discussion can be straight-forwardly extended to include the torus. The conformal factor of the Riemann surface can be written as
It is useful to introduce the one-forms
It can be written as
The potential, D 0 , can be written as
The equation of motion reduces to
The one-forms dual to the U (1)s can be written as
The degrees (p, q) are related to z as
The parameter z is refereed to as twist parameter; (p − q) is the degree of the U (1) bundle over Σ g that is associated to the flavor symmetry F. Although we were not careful to include the torus in this discussion, we can still continue the final result to include the torus. We can smoothly take the limit κ → 0 in the equation of motion (4.6) and in the final expression for the one-forms η ± in (4.7). Explicit solutions are obtained by solving the Monge-Ampère equation in (4.6) for F (t + , t − ). The simplest non-trivial ansatz for F yields the B 3 W solutions that describe the near horizon region of M 5-branes wrapped on compact Riemann surfaces [12, 26] . We discuss this ansatz and its generalizations next.
B 3 W Solutions
One of the simplest class of solutions with constant curvature is obtained from the ansatz
where µ 2 s = 2s, µ
The equation of motion (4.6) reduces to
The equation in (4.11) leads to algebraic relations which are solved in terms of the twist parameter z and curvature κ. We find
Recall that a ± = 1 2 (1 ± ). The parameter c g = −2κs 0 is fixed in terms of c 1,2 , κ and . The parameters c 1,2 are not constraint by the equation of motion, we are free to fix them.
The eleven dimensional metric is
with the constraint µ
The warp factor is
The warp factor is positive and finite when a + c 1 + a − c 2 > 0. This is the only condition that can be imposed on the c's, we can fix the combination a + c 1 + a − c 2 = 1 without lost of generality. The metric is smooth in the regions where µ α = 0 when the periods of φ ± are ∆φ ± = 2π. Quantization of the first chern number of the U (1) bundles over the Riemann Surface implies that p and q are integers. The constraint in (4.14) describes a two dimensional surface in R 3 . When κ = −1, is bounded as −1 ≤ √ 3 ≤ 1 for all z; this implies that a ± > 0. This bound guarantees that the surface described in (4.14) is always compact. When κ = 1, | | ≤ 1 if and only if |z| ≥ 1, in which case the surface described by (4.14) is compact. When κ = 1 and |z| < 1, the four manifold normal to the Riemann surface is non-compact. It is interesting to wonder whether it can be compactified by moding with a discreet subgroup. This will require a more detailed understand of the four manifold and will be investigated in future works.
Generalization of B 3 W solutions
We can straight-forwardly generalize the B 3 W ansatz to
Generically, there are k independent µ α 's, each of which defined by two parameters c α and r α . The parameter, n α , is the multiplicity of µ α . The B 3 W ansatz is recovered when k = 2, n α = 2, n u = 0, and r 1 = −r 2 = 1.
The metric for the ansatz in (4.16) is
(4.18)
where the circles are given as
The metric in the (4.19) is on R × R × S 1 k+1 . The first R factor is coordinatized by µ s . Each µ α can be identified with the radius of a plane (R × S 1 ) whose circle is given as η α = 1+rα 2 η + + 1−rα 2 η − . The four dimensional space in the eleven dimensional metric (4.18) is obtained by restricting the metric (4.19) to the surface given by the equations
where the R's are related to the c's. Using these constraints, one can derive a similar relation between any three µ's. This is particularly important since we can turn off a given µ α by fixing n α = 0. In such case, one writes a set a equations that do not involve µ α . A similar relation can be written for the coordinates on the circles:
The determinants are given as
From these expressions one can compute the warp factor
We can associate a killing vector α to every µ α defined as
The killing vector u and s are respectively dual to the flavor symmetry, F, and the superconformal R-symmetry, R N =1 , in field theory. The norms of the killing vectors are such that as
This implies that the circle dual to the killing vector, α , shrinks in the region µ α = 0. Since each such circle is generically non-trivially fibered on the Riemann surface, flux quantization of the connection leads to quantization conditions on the r α parameters. From the norm of s , one can see that its orbits never shrink unless r α = for some α. The solution to µ α = 0 can be represented as a line on the (t + , t − ) plane with slope,
. Since a circle shrinks along every such line, the regions where the µ's vanish can be identified with the boundaries of the space. When two different µ α = 0 lines intersect, the full (φ + , φ − ) torus shrinks; this leads to an orbifold singularity at the intersection. This hints at the presence of certain sources in these regions. The field theories dual to these solutions will have global symmetries associated to these orbifold singularities. It interesting to understand these sources in these solutions; this will require a better understand and control of the four form flux. We leave these questions to future studies of the solutions.
In order to avoid curvature singularities, the warp factor H must stay finite and positive everywhere. The determinants in (4.23) and (4.24) have the same pole structure in the regions µ α = 0 and µ u = 0, this guarantees the finiteness of H in (4.25). The determinant det(g) also have a pole at µ 2 s = 0 while det(h) does not, this is cancelled in the expression of H by the overall
The Riemann surface shrinks in the region µ α → 0 when n s ≥ 2; and when n s ≤ 2, its radius blows up. It is natural to fix n α = 2 in order to have a finite Riemann surface.
Supersymmetric solutions are obtained by solving (4.6) which reduces to
This equation reduces to algebraic relations between parameters when we expand in powers of (t + , t − ). When k = 0, det(h) in (4.23) vanishes. The first solutions to the equations are found when k = 2. k = 2 solutions When k = 2 and n 1 = n 2 = 2, the system can be solved explicitly. The solution can written in terms of z 0 and 0 which are related to the z and as
We find
When r 1 = −r 2 = 1, the solution reduces to B 3 W systems. When the r's are arbitrary, the solutions are transformation of B 3 W under the S-symmetry described in equation (3.14) . The matrix A is given as
where η 0 ± are the one-forms that appear in B 3 W .
General k For k > 2, the supersymmetry equation in (4.31) cannot be solved everywhere. We can solve the equation only regions where two µ α = 0 lines intersect. This suggest that the ansatz in (4.16) is not general enough to fully capture the system. The main problem is that the boundary of the space on (t + , t − ) is piece-wise defined and the physics of the intersections when k ≥ 3 is poorly understand. This may indicate presents of sources or may correspond to orbifolds of the (2, 0) SCFT wrapped on a Riemann surface. In order to fully capture these systems, one may need to perform a Bäcklund transformation of the Monge-Ampère to new coordinates. In the transformed system, the coordinates t ± are multivalued functions. It is yet unclear to the author on how to proceed. Although we are unable to solve the supersymmetry constraint, it may be that the metric in (4.18) solves the M-theory Einstein equations. This would lead to a new class of non-supersymmetry AdS 5 solutions in M-theory. A better control of the four-form flux is required to check this.
Punctures
The main goal of this paper is understand the AdS 5 solutions obtained by wrapping M 5-branes on Riemann surfaces with punctures. In this section we study punctures. They appear in gravity as localized sources on Riemann surfaces. Throughout this section, we use the terms sources and punctures synonymously.
Before we study the general system of M 5-branes discussed above, we first review sources on two-dimensional Riemann surfaces. These are governed by the Liouville system:
The compact solutions of this system are discussed in section 4. In presences of punctures, the Liouville equation is modified with delta functions sources. In the region near a puncture, there is a shrinking circle and the Liouville equation can be written as
where (x 1 = r cos(ϕ), x 2 = r sin(ϕ)). There are (k − 1) units of sources at r = 0 4 . The solution to A 0 has two parts, a logarithmic term due to the puncture and a background term due to the curvature κ:
The metric near the puncture region can be written as
Our normalization for the delta function is
where ρ = r k . the circle ϕ shrinks at ρ = 0 with a period 2π k . In regions away from the puncture, the period of ϕ is 2π, this is necessary for the identification (x 1 = r cos(ϕ), x 2 = r sin(ϕ)). The presences of the sources leads to a conical deficit and therefore a Z k orbifold fixed point at ρ = 0. This is precisely the manifestation of a puncture of the two-dimensional surface.
The spectrum of punctures in class S is given by the different ways we can embed the orbifold fixed points from (5.2) and (5.5), in the system described in 3.2. These sources are localized on the (x 1 , x 2 ) plane in the metric (3.9). In the class S systems, the Liouville equation is generalized to the modified Monge-Ampère equation for D 0 , (3.13). Therefore the sources for A 0 in (5.2) generalize to sources of D 0 . The most general expression we can write to include these sources is
The index α labels the sources located at (x α 1 , x α 2 ). A puncture can have a non-trivial profile in the directions normal to the Riemann surface; this is determined by the functions P α . To classify the punctures, we need to find the set of functions P α for which there exist solutions of D 0 that lead to a regular metric in the neighborhood of the source. It is important to note that the functions P α are not required to be smooth on the (t + , t − ) plane.
In the neigborhood of a puncture, the metric on the (x 1 , x 2 ) plane can be written as
where (x 1 = r cos(ϕ), x 2 = r sin(ϕ)). The circle ϕ, which appears in the neigborhood of the puncture, must have period 2π. The supersymmetry equation, for the puncture with profile P , is
When P is a smooth function, the potential D 0 can be written as
After plugging D 0 in equation (5.9) and expand in powers of ln(r), we obtain
We refer to these equations as the puncture equations. The first one determines the choices for P , the last two are compatibility conditions with the background surface. The equation in (5.13) makes sense as a single equation when (∂ + + ∂ − )P is differentiable. Otherwise the equation would have to be split into different parts and sources would be needed for D at the junctions. This implies that the expansion in (5.10) is not valid when (∂ + + ∂ − )P is not differentiable. We will not aim to find the most general solution or form of P in this paper. The Profile P can be fixed to a constant. In this case, the first two puncture equations are trivially solved and the last reduces to the original system. The simplest non-trivial examples are cases when P is linear in the t's. We focus on such examples for the rest of the paper.
Linear Profile
Consider a puncture profile
14)
The first and second puncture equations, (5.11) and (5.12), are trivially solved. The last puncture equation, (5.13), yields an equation for D that can be written as
where 2(k − 1) = n + + n − and ρ = r k . In the special case when n + = −n − , the puncture is completely smoothed out since k = 1. In this description, k << N where N is the number of M 5-branes wrapping the Riemann surface. The equation for D, as a function of ρ, is the same as the original system but without the localized sources. To describe this region we consider the B 3 W ansatz for D:
The µs are defined in section 4.1. The solution for and e 2ν are given in equation (4.12). The eleven-dimensional metric is
(5.17)
In the region near ρ = 0, the internal metric can be written as
(5.20)
The only restriction for the possible choices on the b's is that b − n − + b + n + = 0; this is a necessary condition for φ b and φ u to be independent. The geometry is smooth when the period of φ b is 2π and b − n − + b + n + = ±2k. The main observation is that orbifold fixed points with linear profiles P are smoothed out by the bundle structure in the full eleven-dimensional geometry. The physical parameters and e 2ν do not have any dependence on the puncture data. However the volume of the internal manifold will have a correction due to k. This may lead to correction to the central charge of the dual theory which would be suppressed by N , the number of M 5-branes wrapping the surface. At finite N , and e 2ν are expected to pick up corrections. In order to check this, we need to work out the flux quantization. We address these issues in future explorations when the four form flux is computed.
Punctures and D6-branes
In this section, we study punctures with piece-linear profiles. The simplest example is
where θ(t 0 − t) is the step function. The coordinate t is given as
The n's can be restricted n + + n − = 1 or n + = −n − = 1 without lost of generality. In this example the profile P is a continuous linear function of t with slope 2n 1 when t < t 0 and 2n 2 when t > t 0 . In regions away from t = 0, the puncture is smoothed out since the profile linear. Our interest here is to understand what is happening at the intersection, t = t 0 and r = 0. It is instructive to see how the expansion in (5.10) fails when we plug the piece-wise P , in (6.1), into equations (5.11)-(5.13). The profile solves the first puncture equation (5.11). However, in the last puncture equation, (5.13), there is a discontinuity in the right hand side due to the r (∂ + +∂ − )P . This implies a source for D at t = t 0 . The second puncture equation (5.12) reduces to
These conditions suggest that near t = t 0 the potential D 0 should be expanded as
The ellipsis correspond to corrections to D 0 in regions away from the puncture. The potential D will capture the source and the function F will capture the behavior of the metric in the neighborhood of the puncture. We reiterate the point that the solutions obtain here yields the boundary conditions of D 0 associated to the step function source P in (6.1). In appendix A, the general Monge-Ampère system is reduced with the exact ansatz (A.1). The results in appendix A can be used to describe the t = t 0 region of the piece-wise profile P (6.1).
The general equation for D in appendix A is (A.3). Near the source we write it as
There are different solutions for F and the h's for when n + = −n − = 1, n ± = a ± and for when n + + n − = 1. In each of these cases, the equation for D reduces differently and therefore leads to different types of sources at t = t 0 . We study them independently.
N = 2 Punctures and D6 branes
The metric when n + + n − = 1 is described in section A.1 and given in equation (A.11). In this section, we discuss the punctures when c 1 = 0 where the metric reduces to LLM and preserves N = 2 supersymmetry. We return to cases with non-vanishing c 1 in section (6.3). The punctures in LLM were studied and described in [8] . We will review their description and discuss their D6 brane interpretation.
When c 1 = 0, the metric in (A.11) is non-degenerate only when c is non-vanishing, we can fix it as c = −1 without lost of generality. The LLM metric is recovered by making the coordinate transformation y 2 = 1 + 2t and the field redefinition e D = where y 2 0 = 1 + 2t 0 . The potential D satisfies an axially symmetric SU (∞) Toda equation; its sources can be studied by performing the bäcklund transformation [9, 35] 
Under this transformation, the SU (∞) Toda equation is satisfied when V solves
Next we need to understand how the profile P appears as a source for V . The region r = 0 maps to the region ρ = 0. In regions away from the source at y = y 0 , the potential can be approximated as e D = r 2n 1 for y < y 0 and e D = r 2n 2 for y > y 0 . Under the Bäcklund transformation, V is of the form V = y 1 (z) ln(ρ) for y < y 0 and V = y 2 (z) ln(ρ) for y > y 0 with
where the b's are constants. The point y 0 maps to z 0 where y 1 (z 0 ) = y 2 (z 0 ) = y 0 . The profile P maps to
The metric after the transformation is (6.11)
whereV = ρ∂ ρ V and V = ∂ z V . The χ circle is shifted asχ = χ + ϕ. The warp factors are
From the equation of V , we observe that V has a point source at (ρ = 0, z = z 0 ), it is given as
In the region near the source, the metric is
(6.15) The overall warp factor goes to a constant, H = The metric is positive definite when k > 0 (n 2 > n 1 ). We make the coordinate transformation ρ = 1 2 R 2 sin(θ), z = 1 2 R 2 cos(θ) and write the (ρ, z,χ, ϕ) directions as
The parameter k is the degree of a U (1) bundle over S 2 . It is quantized and takes value in k ∈ Z + . When k = 1, the space is R 4 and R 4 /Z k in general. The internal six-dimensional manifold in (6.15) reduces to a simple product of a round S 2 with R 4 /Z k . This orbifold fixed point leads to an SU (k) gauge symmetry in AdS 5 and therefore a SU (k) global symmetry in the field theory. In the region near the source, the ϕ circle is shrinking and we can interpret it as a shrinking M-theory circle. The metric then describes k D6-branes wrapped on AdS 5 × S 2 . The SU (k) gauge symmetry in AdS is due to the gauge field on the world volume of the D6-branes. The R-symmetry in this region is SU (2) × U (1); the SU (2) corresponds to the isometries of the two-sphere wrapped by the D6-branes while the U (1) corresponds to the generator dual to the χ circle. This symmetry that appears near the source is an enhancement of the global U + (1) × U − (1) symmetry that underlie the general system. The Since the potential V satisfies the Laplace equation everywhere, one can consider a collection of these D6-branes at along the line t. This yield the general N = 2 puncture with the continuous piece-wise linear profile
(6.17)
The function P has slope n i in the interval (t i , t i+1 ) and the system have k i D 6 -branes at t = t i where
These are the N = 2 punctures described by Gaiotto Maldacena in [8] .
From N = 1 point of view, the punctures with profile P (t) in (6.17) have an additional label, (n + , n − ). These parameters determine the R-symmetry of the N = 2 system near the source. At the location of the D6-branes, the orbits of the killing vector n +
shrink. Globally the periods of φ ± can be fixed to 2π. This implies that the parameters n ± must be rational. We can then write them as
where p and q are co-prime integers. The D6-branes can be labelled with (p, q). Two punctures with different choices of (p, q) will each preserve a U (1) × SU (2) R-symmetry that corresponds to different enhancements of the U + (1) × U − (1) symmetries which is preserved everywhere. An N = 1 puncture can be obtained from the N = 2 punctures by superpositing different (p, q) profiles at the same point on the Riemann surface. The description of these sources is beyond the ansatz in 6.5. The D6-branes with different (p, q) will trace nonparallel line on the (t + , t − ) plane and therefore will intersect. The ansatz in 6.5 cannot capture the physics at the intersection, one needs to solve the equation in (3.13) . In this region also, the (φ + , φ − ) torus shrink. A generalization of the Bäcklund transformation in (6.7) for the Monge-Ampère system (3.13) is required. We continue to explore how to do this.
N = 1 Punctures and D6-branes
In this section we discuss the piece-wise punctures on the metric in (A.18); these are cases when n ± = a ± in (6.1). Equation (6.5) reduces to equation (A.2) with the P (t) source:
In the region near the source, the term 1 y ∂ y 2 1−cy 2 e D is subleading when compared to the first two. In this approximation the D potential satisfied the SU (∞) Toda equation in the neighborhood of the puncture. We can then use the Bäcklund transformation in (6.7) and (6.10). The metric near the source can be written as
The overall warp factor goes to a constant, H = 1 4y 2 0 . The one-form η 0 is given as
The (w, φ) describe a two-dimensional surface with curvature c. In the case when c = −1, the surface is an H 2 plane which can be replaced with H 2 /Γ to obtain a compact Riemann surface with genius g. The ϕ circle shrinks at the location of the source and can be interpreted as an M-theory circle. The geometry is then an M-theory description of k D6-branes wrapped on AdS 5 × Σ g . Unlike the N = 2 case, the R 3 normal to the D6-branes is non-trivial fibered over the Riemann surface Σ g . The sources in this case are special and exist only when n ± = a ± . The orbits of the killing vector n +
shrink at the location of the source, the condition implies that the puncture sits at a point on the (t + , t − ) plane where the N = 1 R-symmetry shrinks.
One can consider placing more than one of these D6-branes on the (t + , t − ) plane and at the same point on the Riemann surface. Unlike the N = 2 D6-branes, these sources will interact with each other due to the (6.20) . It is currently unclear what are the effects of this term and how it will fix the location of the sources. This question need to be explored in order to understand how superpose the N = 1 punctures.
N = 1 Punctures and M 9-branes
In this section, we discuss the piece-wise punctures when n + = −n − = 1. The reduction for this case is discussed in section A.3 and equation (6.5) reduces to
where V = −∂ 2 t D. We analyse the source for when c = 0. The behaviour of the source will be same even when c is non-vanishing; the major different is we would need to drop subleading terms to the Laplace operator acting on V . The solution for V is given as
The metric for the system is (6.26)
When c 1 vanishes, the metric is degenerate. When c 1 is non-vanishing, it is singular at w = 0 since the warp factor vanishes. This singularity can be understood as co-dimension one source in M-theory. In the region near w = 0, the metric can be rewritten as
It describes M 5-branes wrapped on AdS 5 × S 1 [36] . The circle is coordinatized by φ and is dual to the R-symmetry of the system. The branes are localized at w = 0 but smeared along the (t, r, ϕ, χ) directions, this is indicated by the linear property of the warp factor. Since c 1 is an arbitrary constant, we take it to be a positive parameter, c R , when w > 0 but a negative parameter, c L , when w < 0 and write the warp factor as
In this region near w = 0, warp factor satisfies
where ∆ ⊥ is the Laplacian along the directions transverse to the M 5-branes. The number of M 5 branes is given by (c R − c L ) in units fixed by flux quantization. We refer to these smeared branes as M 9 branes. In the region near the source in (6.24) the (t, r, ϕ, χ) directions make an R 4 /Z k where k = 2(n 2 − n 1 ). The source correspond to k D6-branes in M-theory with AdS 5 × S 2 world volume. At he location of the branes, the circle dual to the flavor symmetry generated by
shrinks. The S 2 in this case is made from two cups glued together at w = 0 by the M 9 branes. The circle is dual to the U (1) R-symmetry in the field theory. Regularity conditions in regions where φ shrinks implies that c L = −c R .
In the region near the source, the M 9-branes should reduce to D8-branes. Generally the linear term in the warp factor can be replaced by a piece-wise linear function in w; this corresponds to introducing multiple sets of M 9-branes in the system. These M 9 branes can be added in the N = 2 systems described in A.1, One sees this from the linear term in the warp factor in (A.12). So far we have just provided qualitative evidence for these M 9-branes. We explore them further for this class solutions and their presences in the N = 2 systems on a separate publication.
Summary and Outlook
The main goal of this paper is to provide a gravitational description of four-dimensional N = 1 SCFTs in the low-energy limit of a stack of M 5-branes wrapped on a punctured Riemann surface. We restrict to cases where the surface is embedded in a Calabi-Yau threefold that is a sum two line bundles. To classify these theories, we look for supersymmetric AdS 5 solutions in M-theory where the internal six-dimensional manifold is a four-manifold fibered over a Riemann surface with a U (1) 2 structure group. The reduction of the supergravity equations under such ansatz was initiated in [32] . In this paper, we further reduce the system and show that the metric is governed by a single potential D 0 which satisfies a generalization of the Monge-Ampère equation (3.13) . The general metric is described in section 3.2.
The U (1)s correspond to the phases of the two line bundles on the Riemann surface, their generators are denoted as J ± = ∂ ∂φ ± . The superconformal R-symmetry of the dual field theory is given as a + J + + a − J − where a ± are explicit parameters in the system that are fixed by solutions of D 0 . These parameters are normalized as a + + a − = 1 and can be written as a ± = 1± 2 . In the dual field theories fixes the anomalous dimensions of protected operators and is determined by a-maximization [31] . The derived system also admits an S-duality that relate different solutions. We described the action of the duality in section 3.2.
In the special case when the Riemann surface is compact, and has no boundaries, the potential D 0 separates into two pieces (these are describe in section 4). The first term is fixed by the Liouville equation and leads to constant curvature surfaces. The second term in D 0 is fixed by a Monge-Ampère equation on a plane normal to the Riemann surface. Known solutions such as the Y pq , GMSW [33, 37] and B 3 W [12] fit in this class (this was also described in [32] ).
The ansatz for D 0 that yields B 3 W solutions can be generalized. It leads to a family of metrics where the four-dimensional space normal to the Riemann surface is a hyper-surface in R×(R×S 1 ) k+1 . When k = 2 we find a family of solutions that are related to B 3 W under the S-duality. When k > 2, we cannot solve the equation. We interpret this as the failure of the ansatz to capture the presence of sources localized on a plane normal to the Riemann surface. In order to fully understand these more general metrics, a Bäcklund transformation on the Monge-Ampère equation is required. In particular we hope that these systems can provide the gravity duals of six-dimensional (1, 0) SCFTs wrapped on Riemann surfaces. The (1, 0) SCFTs were recently classified in [38] . We explore these questions in the future.
When the Riemann surface has punctures, one needs to provide boundary conditions for the metric. The spectrum of such boundary conditions appear as different sources for the D 0 field that are localized on the Riemann surface. The punctures can be labelled by their profile along the directions normal to the Riemann surface. The classification problem of punctures in gravity reduces to studying the set of profiles that lead to regular solutions.
Near each source, a circle on the U + (1) × U − (1) torus shrinks. This leads to a natural (n + , n − ) labelling of the punctures which identifies the shrinking circle as the dual of the killing vector n + J + + n − J − . In the region near the puncture, there is also a shrinking circle on the Riemann surface which can be interpreted as a M-theory circle. We find that the metric in region describes k D6-branes.
In the generic case where n + + n − = 1, we find D6-branes wrapping the overall AdS 5 factor and a round S 2 . We can write the parameters as n + = p p+q , n − = q p+q where the p and q are co-prime. The metric in this region preserves eight supercharges in AdS 5 and leads to an SU (k) global symmetry in field theory. For a fixed choice of (p, q) one can superpose these D6-branes on the same point on the Riemann surface to obtain a general N = 2 puncture that is labelled by a Young Diagram [8] . The (p, q) labelling is a generalization of the Z 2 graded punctures that appear in field theory in [13, 17, 23] . The elements of the Z 2 is (1, 0) and (0, 1) .
When n ± = a ± , the sources sit at places where the circle dual to the R-symmetry shrinks. In this case, the D6-branes wrap the AdS 5 factor and a Riemann surface Σ g . These punctures locally preserve N = 1 supersymmetry.
When n + = −n − = 1, the shrinking circle is dual to the flavor symmetry J + − J − . In this case, the metric is non-degenerate only when there are co-dimension one sources in the space. These M 9-branes appear as smeared M 5-branes that wrap the AdS 5 factor and the S 1 dual to the R-symmetry generator a + J + +a − J − . The D6-branes sources wrap the AdS 5 factor and an S 2 build from two cups that end on the M 9 branes. In IIA limit, these M 9-branes can be interpreted as D8-branes. The M 9-branes can also be turned on in the generic (p, q) punctures. The presence of the M 9-branes reduces the supersymmetry to N = 1. In this paper, we discuss the qualitative features of the M 9-branes and highlight their necessity in obtaining these N = 1 punctures. We study them on a separate publication. It should be interesting to understand how these solutions with M 9-branes are related to the AdS 7 solutions with D8-branes discussed in [39] .
Formally one can take linear combinations of the D6-branes profiles to construct a more general N = 1 puncture. Such punctures will preserve the U + (1) × U − (1) symmetry and will contain intersecting D6-branes. In order to understand the physics of these more general objects, we need to describe these intersection regions and find their consistency constraints. This requires better control of the generalized Monge-Ampère equation that underlie these systems.
In order to have a complete picture, we need to find interpolating solutions between the puncture geometry and a general (p, q) solution of B 3 W . In this paper, we have identified D 0 at the end points. These interpolating solutions can be searched for numerically since we have the general equation and the boundary solutions. In order to compute central charge and physical quantities, we need to reduce the four form flux of these system and work out the flux quantization. One needs to start with the expression for the flux as given in [33] and reduce it through the ansatz in [32] and in this paper. This is work in progress.
We consider the work in this paper to be a step to systematically study flavor symmetries in AdS/CFT in N = 1 backgrounds. More importantly it would be interesting and useful to be able to read off the quiver gauge theory dual to the gravity solution from the choice of punctures. Indeed these quivers will include T N theories [5] . We also explore these ideas in the future. 
A Generalized LLM
Motivated by the N = 2 reduction, we can reduce the general N = 1 system under the ansatz
The n ± parameters can be restricted to satisfy n + + n − = 1 or n + + n − = 0. This ansatz will lead to different embeddings of LLM into the Monge-Ampère system; these can also be obtained by acting with the symmetry (3.14) on (3.19) . We also expect a new class of metrics similar to LLM but preserve N = 1 supersymmetry. The systems obtained here will be useful in our discussion of punctures in section 6. In this reduction, we will hold the potential D generic and determine the function F . The assumption that D is generic restricts the supersymmetry equation as
The h coefficients are related to F as
These equations must be analysed independently for the three cases n + = −n − , a ± = n ± , and generic n + + n − = 1.
A.1 Systems with n + + n − = 1 when n + + n − = 1 the equations can be solved with the coordinates
In these coordinates, s = t + a n u where a n = a + n − − a − n + . When h 1 = 0, the system can be reduces to Liouville equation; therefore we will not consider such case. When h 1 is non-vanishing, it can be fixed by hand, we keep it for now.
When a n is non-vanishing, the solution for F and h 0 can be written as
where c and c 1 are integration constants. In order to write the metric, we make the coordinate transformation and field redefinition
We obtain (A.10)
The circles are
The supersymmetry equation is
The parameter c can be restricted to take value in {−1, 0, 1} without lost of generality. The physics of the system is different depending on whether c 1 vanishes. First we consider the case when c 1 = 0. The metric is regular and positive definite when c = −1. In this case, we make the coordinate transformation y 2 = (1 + 2t) to obtain the LLM metric as described above. The circle coordinates (φ, χ) reduce to (φ + , φ − ).
When c 1 is non vanishing, the N = 2 supersymmetry is broken to N = 1. It is then interesting to understand the origin of this supersymmetry breaking. One clue is how c 1 appears in the warp factor, it is the coefficient of linear terms in w. This suggest the presences of a codimension one source. We elaborate on this point later in this paper.
A.2 Systems with n ± = a ± When a n = 0, the solution is
where c, c 0 and c 1 are integration constants. We make the transformations
The metric becomes (A.17)
The warp factors are
The equation of motion the potential, D, is
The circles are given as
The solutions in this class are inherently N = 1 and are govern by a modified SU (∞) Toda equation. The parameter c 0 can be fixed to c 0 = 1 without lost of generality. The (w, φ) directions combine to a Riemann Surface with curvature c. In the case when c = 1, the surface is a two-sphere, its isometries are dual to a SU (2) flavor symmetry in field theory. When D is separable in y and x, the solutions reduce to the GMSW solutions described in [33] . In general there is a larger class of solutions determined by (A.20) that describe geometries with localized sources on the Riemann surface.
A.3 Systems with n + = −n − = 1
When n + + n − = 0, we can fix n + = −n − = 1 without lost of generality and solve the equations in terms of s and t = t + − t − . The solution is e ∂sF = 2 3
where c and c 1 are integration constants. The function h 0 can be set to zero without lost of generality. In order to write the metric, we make the field redefinition and coordinate transformation:
The metric is then (A.24)
The equation of motion for D yields an equation for the potential V and connection ω given as ∂ 2
The circle coordinates are related to the φ ± as
The solutions in this class are regular only when the parameter c 1 is non-vanishing. It also appears in the warp factor as the coefficient of a linear term which may be due to a co-dimension one source.
B Derivation of system
The most general supersymmetric AdS 5 metric in M-theory that contains two circles fibered over a two-dimensional Riemann surface [32] where dR 2 = dx 1 ∧ dx 2 . The System is governed by two potentials Λ and Γ.
B.1 Democratic description
In this section, we want to make the system democratic in the the two circles and functions. These circle can be coordinatized by φ ± . In terms of them, the killing vectors associated to the R-symmetry circle, ψ, and flavor U (1), φ, can be written as
We choose the new circle to be such that a + + a − = 1. The one form duals to these circles can be written as dψ = dφ + + dφ − , dφ = 2 (a − dφ + − a + dφ − ) (B.12)
Now we also make the field redefinitions
With these transformations, we find η ± = dφ ± + 1 2 * dD ± (B.14)
dφ − * dΓ = 2 (a − η + − a + η − ) (B. where the new coordinates are t ± . The derivatives, ∂ ± , are with respect to these coordinates. These transformations imply
We discuss the function Σ after some simplification.
Implications of coords
It is useful to define the functions 
The Tile
We want to write the metric along the (s, q) directions in the t ± coordinates. We write the one form η τ
The metric along the t ± becomes 
The Torus
The metric on the Torus can be written as We also redefine s as s = a + t + + a − t − and write the metric coefficients as 
